Abstract. We construct a finitely presented group G such that the 7th dimension quotient G ∩ (1 + ̟(ZG) 7 )/γ 7 (G) has an element of order 3; this immediately leads to a finite 3-group without the dimension property. This contradicts a series of results by N. Gupta.
Consider a group G embedded in its integral group ring ZG. For the natural filtrations (γ n (G)) of G by its lower central series and (̟ n ) of ZG by powers of its augmentation ideal, we have an induced map G/γ n (G) → ZG/̟ n , and its injectivity is known as the dimension problem for G. Set δ n (G) := G ∩ (1 + ̟ n ); then γ n (G) ≤ δ n (G), and the dimension problem asks to understand the dimension quotient δ n (G)/γ n (G). If it is trivial for all n, one says that G has the dimension property; this holds e.g. for free groups [16, 24] , but not for all groups, as was shown by Rips [19] . The description of dimension quotients is a fundamental problem in the theory of group rings. There is a rich body of literature on this problem, see [1, 7, 14-17, 20, 21, 23] .
All quotients δ n (G)/γ n (G) have finite exponent; and moreover there exists s(n) ∈ N such that δ n (G) s(n) ⊆ γ n (G): the cases s(1) = s(2) = s(3) = 1 are easy, Passi [20] gives s(4) = 2, and Sjogren [22] proves the general result, with an explicit bound (roughly s(n) ≤ (n!) n ). Gupta proves that, for all metabelian groups, s(n) ∈ 2
Moreover, Gupta claims in [12] the bound s(n) = 2 for all n and all groups; or at least s(n) ∈ 2 N (a proof is published in [13] ); however his proof contains many unintelligible parts. We show, on the contrary:
Theorem. Consider the finitely presented group then Z/3Z ≤ δ 7 (G)/γ 7 (G). More precisely, consider the element
then w ∈ δ 7 (G) \ γ 7 (G), and w 3 ∈ γ 7 (G).
(For elements x, y, z of a group, we use the standard notations [x, y] := x
This result immediately implies the existence of a finite 3-group with δ 7 = γ 7 , which is a natural quotient of the group G described above. That finite group may be chosen of order 3 494 .
1. Proof that w ∈ δ 7 (G)
We show in this section that w belongs to δ 7 (G), using the relations of G's presentation.
The relations
Therefore, working modulo ̟ 7 (G), we get (writing from now on ≡ to mean equivalence mod ̟ 7 (G))
We will use the following well-known identity, which holds for any element x ∈ G and d ≥ 2:
Next, we get
9 is divisible by the product of exponents of x 2 and x 3 modulo γ 2 (G), we get
Analogously, we get
Now we add four terms (1.2),(1.3),(1.4),(1.5) and get an expression which is equivalent to w − 1. There are 16 monomials of the type a ijk (x i − 1)(x j − 1)(x k − 1), and we combine them in pairs in the following way:
Now w − 1 is equivalent to the sum of eight binomials (1.6)-(1.13). We claim that each binomial from (1.6)-(1.13) lies in ̟ 7 (G). Consider first the binomial (1.6).
By (1.1), we have
Since 3 9 is divisible by the product of the exponents of x 2 and x 3 modulo γ 2 (G), we get 3
2 − 1)(x 3 − 1). In the same way, we get
4 − 1)(x 3 − 1). Now the binomial (1.6) can be rewritten modulo ̟ 7 (G) as Here we used the relations x We conclude that w ∈ δ 7 (G).
2.
Proof that w ∈ γ 7 (G) Let us first give some motivation as to why we should not expect w ∈ γ 7 (G). This motivation is independent of the actual proof, which consists in a computer-assisted calculation.
In the free group F on {x 1 , . . . , x 4 }, consider the Z-module V = γ 3 (F )/γ 4 (F ) ∼ = Z 20 . The element w is naturally an element of that module. Consider the left-handsides r 12 = x Then a simple linear algebra computation over Z shows that w ∈ W , but w 3 ∈ W . In this manner, there is at least no obvious way of rewriting w using the last four relations.
Let us turn to the proof. It suffices to exhibit a quotient G of G in which the image of w does not belong to γ 7 (G).
To make the computations more manageable, we impose the extra relations In this manner, we obtain an 8-generated group x 1 , . . . , x 4 , z 1 , . . . , z 4 . We next impose extra commutation relations:
We compute a basis of left-normed commutators of length at most 6 in that group; notice that w may be expressed as [z 4 , z 3 , z 4 , z 2 , z 2 ,
, and impose extra relations making γ 6 cyclic and central.
The resulting finite presentation may be fed to the program pq by Eamonn O'Brien [18] , to compute the maximal quotient of 3-class 17. This is a group of order 3 3996 , and can (barely) be loaded in the computer algebra system GAP [2] so as to check (for safety) that the relations of G hold, and that the element w has a non-trivial image in it.
Finally, the order of the group may be reduced by iteratively quotienting by maximal subgroups of the centre that do not contain w.
The resulting group, which is the minimal counterexample to Gupta's claim that we could obtain, has order 3 494 . It may be loaded in any GAP distribution by downloading the ancillary file 3group.gap to the current directory and running Read("3group.gap"); in a GAP session.
